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Abstract 

It is shown that, in the 1-jet space of the circle, the swapping and the fly- 
ping procedures, which produce topologically equivalent links, can produce 
nonequivalent legendrian links. Each component of the links considered is 
legendrian isotopic to the 1-jet of the 0-function, and thus cannot be dis- 
tinguished by the classical rotation number or Thurston-Bennequin invariants. 
The links are distinguished by calculating invariant polynomials defined via 
homology groups associated to the links through the theory of generating func- 
tions. The many calculations of these generating function polynomials support 
the belief that these polynomials carry the same information as a refined ver- 
sion of Chckanov's first order polynomials which are defined via the theory of 
holomorphic curves. 
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1 Introduction 

The 1-jet space of the circle, J^^{S^), is a manifold diffeomorphic to x M^: 

j\S^) = T*{S^)xR={{q,p,z): q (£ S\ p,z(£R}. 

Viewing as a quotient of the unit interval, = {q G [0, 1] : ~ 1}, it is easy 
to visualize knots in J'^{S^) as quotients of arcs in I x M^. This paper focuses 
on two-component links in J^^{S^) that satisfy a geometrical condition imposed 
by the standard contact structure. This standard contact structure on J'^{S^) 
is a field of hyperplanes ^ given by ^ = kei{dz — pdq). There are no integral 
surfaces of this hyperplane distribution; however, there are integral curves. An 
immersed curve C in (^^(5^),^) is legendrian if it is tangent to ^, TC C S,. 
Functions on with values in M give rise to legendrian knots in [JT^{S^),(,) : 
the graph of a smooth 1-periodic function / in the {q, z)-plane has a lift to an 

embedded legendrian curve j^{f) := z): z = f{q), p = • Notice 

that j^{f) is the 1-jet of the function f . Similarly, the graphs of two smooth 
functions f,g:S^ M will lift to a legendrian link as long as they have no 
points of tangency. In [19], a link of the form j^{f) II is considered where 
f,g: U. satisfy f{q) > and g{q) < 0, for all g € 5*^. In particular, it 

is shown that j^{f) Ylj^{g) is an "ordered" legendrian link. A legendrian link 
Ai n Aq is ordered if Ai U Aq is not legendrianly equivalent to Ao 11 Ai : there 
is not a smooth 1-parameter family of legendrian links , t G [0, 1] , such that 
Go = Ai II Ao and Gi = Ao II Ai . Ao II Ai will be called the swap of Ai II Ao . 



Figure 1.1: The legendrian link (0) and its nonequivalent swap 

In this paper, more complicated legendrian links will be studied. All these 
links will be topologically unordered, but many will be legendrianly ordered. 
In addition, "flyping" moves applied to these links will produce topologically 
equivalent links that are legendrianly distinct. These more complicated links 
are constructed as the lifts of graphs of "multivalued" 1-periodic functions. 
Namely, in {{q, z) : q & I , z G R} , consider a piecewise smooth arc with semicu- 
bical cusps at the nonsmooth points. Then the arc has a well-defined tangent 
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line at each point. As long as the tangent line is never vertical, and there are 
no self-tangencies, this arc will have a lift, with p specified by the slope of the 
tangent line, to an embedded legendrian arc in I x M^. As long as the appro- 
priate boundary conditions are satisfied, this arc will lift to a legendrian knot 
in J^^{S^). The graphs of such cusped curves can be seen in Figures 1.5, 1.12. 
Notice that it is not necessary to use broken curves to indicate which is the 
upperstrand in the lift: the third coordinate is determined by slope. 

The basic links considered in this paper can be thought of as closures of rational 
tangles, defined by Conway in [6], and so it will be convenient to label the links 
using the rational tangle nomenclature developed in [20], which is similar to the 
nomenclature in [6] and [1]. With this notation, the ordered link j^{f) ILj^{g) 
considered above will be called the link (0). More generally, for any h > 0, 
an "integral" link (2/i) is constructed as the lift of the graphs of two functions 
f,g: -^M that cross transversally at 2h points. More complicated links will 
be described by length 2n — 1 vectors of the form 

(1.2) {2hn,Vn-i, ■ ■ ■ ,2h2,vi,2hi), . . . , /i2, fi > 1, and /ii > 0. 

The standard rational legendrian link (2/i„, . . . , 2/i2, f i, 2hi) can be con- 
structed recursively: for n = 1, these are the integral links {2h) described 
above, and for n > 2, the (2n — l)-length link (2hn,Vn-i, ■ ■ ■ , 2/i2, ui, 2/ii) is 
formed from "vertical and horizontal additions" to the (2n — 3) -length link 
{2hn, . . . ,V2, 2/12) , as shown in Figure 1.3. This rational tangle nomenclature is 
extremely valuable in labeling knots and links in topological knot tables. Devel- 
oping a legendrian version of such nomenclature is obviously useful for labeling 
legendrian knots and links in J'^{S^), but also in M'^ since, as described by 
Ng in [13], a satellite construction glues these links in J^^{S^) into a tubular 
neighborhood of a knot in to produce links in M'^ . 




Figure 1.3: The recursive construction of the link (2/i„, . . . , 2ft,2, wi, 2ft,i) from 

the link (2/i„,ii„_i, . . . , 2/12) 
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When the Hnk (2hn, . . . ,vi, 2hi) is thought of as a subset of I x without 
the boundary identification, the legendrian arcs topologically form a rational 
tangle that is alternatively known as the nonnegative rational number 

(1.4) q := 2hi + l/{v^ + 1/(2^2 + 1/(^^2 + • • • + VK-i + 1/2K) ...))) G Q. 

In fact, by Conway's construction, there is a topological tangle associated to 
every g € Q. Many of these tangles do not close up to two-component links 
in J^^{S^). Other g G Q will correspond to two-component topological links, 
but will not be considered here, since this paper will discuss only legendrian 
links where each component is legendrian isotopic to j^{0), the 1-jet of the 
0-function. Such legendrian links will be called minimal legendrian links. It is 
shown in [20] that a minimal legendrian link version of (; G Q exists if and only if 
q corresponds to a vector of the form in (1.2). Minimal legendrian links cannot 
be distinguished by examining the legendrian invariants for the strands known 
as the Thurston-Bennequin invariant and the rotation number. Background on 
these classic invariants can be found, for example, in [2], [7], [15]. 




Figure 1.5: Minimal legendrian links 4 and (4,3,2) = ^3 



For all the rational links, changing the order of the components produces topo- 
logically equivalent links. Although the legendrian link (0) is ordered, it is easy 
to verify that the legendrian link (2/i), for /i > 1, is not ordered. However, this 
is the exception among the rational legendrian links. 

Theorem 1.6 (See Theorem 7.2) Consider the legendrian link 

L = {2hn, Vn-i, 2/i„_i, . . . , vi,2hi) . For n = 1, L = (2/ii) is ordered iff hi = 0. 

For n > 2, L is ordered for all choices of hi,Vi. 

In [19], the link (0) is shown to be ordered by studying Viterbo's invariants 
known as c± . These invariants arise as "canonical critical values" of a difference 
of generating functions associated to the strands of the link. The links of 
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Theorem 1.6 with hi = can also be distinguished by studying c±. All the 
links will be proven to be ordered by doing a more in depth analysis of the 
generating functions: rather than merely studying the critical values, homology 
groups (L) , G Z , for a minimal legendrian link L will be constructed 
by examining the relative homology groups of canonical sublevel sets. This 
construction is explained in Section 3. From H^[L], positive and negative 
homology polynomials are legendrian invariants associated to each link L : 

CO oo 

(1.7) r+(A)[L] = J2 dim^^+(L)A^ r-(A)[L] = ^ dim^^-(L)A^ 

k=—oo k=—oo 

A comparison of r"'"(A)[L] and r~(A)[L] can detect that the legendrian link L 
is ordered. It will be said that polynomials a{X) = X]fcL-oo ^k^^ and /3(A) = 
X^fel-oo^fc-^^ 1^^^^^^ palindromic if q(A) = A • /3(A), where /3(A) denotes 
the palindrome of /3: /3(A) = J2T=-oo ^k^~^ ■ 

Theorem 1.8 (See Corollary 3.17) If r+(A)[L] and r-(A)[L] are not l-shift 
palindromic, then the link L is ordered. 

Theorem 1.6 then follows easily from Theorem 1.8 and the following calculation 
which is proven in Section 6 after developing algebraic topology tools in Section 
4 and methods to calculate the indices of critical points in Section 5. 

Theorem 1.9 (See Theorem 6.1) Consider the legendrian link 

L = {2hn,Vn-i,---,vi,2hi). Then 

r-(A) [L] = /ii + h2X-^' + h^X-"'-"' + ■■■ + /inA-^i-^^--^"-!, 

r+(A)[L] = |^-^"(^)[^]' 

^ ^ \ (l + A) + A-r-(A)[L], hi = 0. 



In [14], the author and Lenny Ng find similar calculations of a refined version 
of the Chekanov first order polynomials; these Chekanov polynomials are in- 
variants obtained from the differential algebras obtained from the theory of 

holomorphic curves, [5], [8], [10]. 

For the topological version of the link (2/i„, . . . , ui, 2/ii) , n > 2, in addition 
to changing the order of the components, there are "flyping" moves that do 
not change the topological type of the link. A topological flype occurs when a 
portion of the link, represented by the circle labeled with "F" in Figure 1.10, is 
rotated 180° about a vertical axis (a vertical flype), or about a horizontal axis 
(a horizontal flype). For background on topological flypes, see, for example, [1]. 
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This motivates the definition of a legendrian Hype: when a crossing is formed by 
two edges emanating from a legendrian tangle, represented by the box labeled 
with "F" in Figure 1.10, a legendrian vertical (horizontal) flype occurs when 
the tangle is rotated 180° about vertical (horizontal) axis and the crossing is 
"transferred" to the opposite edges. This rotation action is not a legendrian 
isotopy; so, although the resulting legendrian links are topologically equivalent, 
they are potentially not legendrianly equivalent. 




Figure 1.10: (a) a topological vertical flype, (b) a topological horizontal flype, (c) a 
legendrian vertical flype, (d) a legendrian horizontal flype. 



For each positive horizontal entry 2hi, i ^ n, in the legendrian link 
(2/i„, . . . , 2/i2, vi, 2/ii) , it is possible to perform 0, 1, ... , or 2hi successive 
horizontal flypes; for each vertical entry Vi, it is possible to perform 0, 1, 
. . . , or Vi successive vertical flypes. A flype at the 2hi entry horizontally 
flips the tangle constructed from entries 2/i„, . . . , 2/ii_|_i, and Vi, while a flype 
at Vi vertically flips the tangle made from entries 2hn, ■ ■ ■ , 2/ii+i . The flyping 
procedure preserves the minimality of the links. The nomenclature 

{2hn,vt--l , 2C-Y , • • • , , vr , 2/if ) , q.e{0,...,v,}, 

Pi£ {0,...,2/ii}, 

will be used to denote the modification of the standard link (2/i„, . . . , 2/i2, f i, 
2hi) by Pi horizontal flypes in the i*'* horizontal component, and qi vertical 
flypes in the i*^ vertical component. With this notation, the standard link 
{2hn,---,2h2,vi,2hi) is written as (2/i„, 2<_i, . . . , 2/i^, v?, 2/i?) . If no 
superscript is specified for an entry of the vector, it will be assumed to be 0. 
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First consider a link L that is obtained by applying vertical flypes to a standard 
rational link: L = (2/i„, 2/i„_i, . . . , f f , 2/ii), qi € {0,...,Vi}. Figure 

1.12 illustrates some links that differ by vertical flypes. In fact, any link L that 
is obtained from Lq = (2/i„, . . . ,vi, 2hi) by vertical flypes is legendrianly 
equivalent to Lq . 




( a ) ( b ) 



Figure 1.12: (a) The equivalent legendrian links (2,1,0) and (2,1^,0); (b) The 
equivalent legendrian links (2, 1, 2, 2, 0) , (2, 1, 2, 2\ 0) , and (2, 1, 2, 2^ 0) . 

Theorem 1.13 (See Theorem 2.1) Consider the legendrian links 

Lo = {2hn,Vn-i,2hn-i, . . . ,vi,2hi) and Li = (2/i„, 2/i„_i, . . . , ff , 2/ii) . 

Then Lq and Li are legendrianly equivalent. 

Theorem 1.13 is proved in Section 2 by showing that the (g, z) -projections of 
Li and Lq are equivalent through a sequence of "legendrian planar isotopies" 
and "legendrian Reidemeister moves". 

Next consider a link L that is obtained by applying horizontal flypes to a 
standard rational link: L = (2/i„, 2h^sl , ■ ■ ■ ,Vi, 2h'^ ) , G {0, . . . , 2hi}. 
Figure 1.14 illustrates some links that differ by horizontal flypes. In contrast to 
the vertical flyping situation, it is possible to obtain distinct legendrian links by 
horizontal flypes. For example, the legendrian links (2,1,2) and (2,1,2^) are 
topologically equivalent but not legendrianly equivalent. This is a consequence 
of calculating the r~(A) or r+(A) polynomials. 




(a) (b) (c) 



Figure 1.14: The legendrian links (a) (2, 1, 2°) , (b) (2, 1,2^), and (c) (2, 1, 2^) . The 
link (2, 1, 1°) is equivalent to (2, 1, 2^) , but distinct from (2, 1, 2^) . 
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Theorem 1.15 (See Theorem 6.2) Consider the legendrian link 
L= {2K,Vn-u2hl--^,...,vi,2hf), Pi E {0,...,2/iJ. 

For j = 1, . . . , n — 1 , let (t(j) = 1 + Yl\=i Pi ™od 2 . Then 



n 



r-(A) [L] = h, + Y, h,x^-^r^''-^H-^r''v.+-+{-ir'-''v.-i 



i=2 




(l + A) + A-r-(A)[L], /ii = 0. 



Remark/Question 1.16 Notice that given Lq = {2hn,Vn-i,2h^"_i , . . . ,vi, 
2hi^ ) and Li = (2/i„, 2h^"^^ , . . . , ui, 2/i^^) , if = Wi mod 2, for all i, 
then r-(A)[Lo] = r-(A)[ii], and r+(A)[Lo] = r+(A)[Li] . This is a natural 
condition on pi: if wi = pi mod 2, and tt;^ = pi when i 7^ 1, then Lq and Li 
are, in fact, equivalent. Due to the boundary identification, "double" horizontal 
flypes are eqivalent to a rotation. It would be interesting to know if only the 
parity is important for other pi, i ^ 1 . For example, are the links (2, 1,2,1, 0) 
and (2, 1,2^, 1,0) illustrated in Figure 1.17 legendrianly equivalent? 



Figure 1.17: The legendrian links (a) (2, 1, 2, 1, 0) , and (b) (2, 1, 2^ 1, 0) . They have 
the same polynomials. Are they equivalent? 

Remark/Question 1.18 In view of Theorem 1.6, it is natural to ask if, for 

n > 2, all the possible horizontal flypes of L„ = {2hn, ■ ■ ■ ,vi,2hi) are also 
ordered. This is true when n = 2: for n = 2, a flype is possible only when 
hi > 1, and, in this case, it is easy to check that = (2/12,1^1, 2h\) is equivalent 
to the swap of L2 = (2/i2, fi, 2/1]*) . However, for n > 3, there are examples 
where the polynomials cannot detect if the link is ordered. For example, the 
link L3 = (2,2,2^1,2^), illustrated in Figure 1.19, has r-(A)[L3] = A'^ + 
1 + A, and, since r~(A) is palindromic. Proposition 7.1 implies that L3 is 
potentially unordered. Is L3 equivalent to its swap? It is interesting to note 
that "slight modifications" of L3 result in links that are ordered. For example. 




(a) 



(b) 
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L'^ = (4,2,2\l,2i) and L'g' = (2, 1, 2^ , 1, 2^) satisfy T-{X)[L'^] = IX'^ + l + X, 
r~(A)[-L3] = 2 + A, and, since these polynomials are not palindromic, Lg and 
Lg are each ordered. 



Figure 1.19: The link (2,2, 2\ 1,2^) and its swap (2, 2, 2^, 1, 2i) . Their polynomials 
are the same. Are the links equivalent? 



Remark/Question 1.20 See Corollary 2.3 and Proposition 7.3 The flyping 
procedm'e can be thought of as a generalization of the swapping procedure: as 
shown in Corollary 2.3, for hi > 1, if 

Lo = {2hn,Vn-i, . . . ,2h2,vi,2hi) and Li = {2hn,Vn-i, ■ ■ ■ ,2h2,vi,2hl), 
where f i , . . . , Vn-2 = mod 2, 

then Lq and Li are swaps of one another. This motivates two questions. Is 
this statement true without the hypothesis on the parity of Vi ?; in particular, 
is (2, 1, 2, 1, 2^) equivalent to the swap of (2, 1, 2, 1, 2)? In fact, (2, 1, 2, 1, 2^) is 
equivalent to the swap of (2, 1, 2^, 1, 2) , and thus this question is closely related 
to Remark/Question 1.16. Secondly, Is the analog of this statement true for 
horizontal flypes of Lq ? Namely, for hi > 1, consider 

Mo = i2h^,Vn-i, 2C_Y , • • • , , t;i , 2/if ) , 
Ml = {2hn,v^_i,2hl-\...,2hl\vi,2h'l'+'). 

Let Mq be the swap of Mq. It is shown in Proposition 7.3 that r~(A)[Mo 



r-(A)[Mi], and r+(A)[Mo] = r+(A)[Mi]. Are Mq and Mi equivalent? In 



particular, are (2, 2, 2^,2, 2) and (2, 2, 2^2, 2^) equivalent? See Figure 1.21. 



Remark/Question 1.22 The question of the equivalence of the links 
(2,2,2^,2,2) and (2,2,2^,2,2^) mentioned in the previous remark is closely 
related to the question of the equivalence of the links Lq = (2, 1, 2^, 1, 0) and 
Li = (2,1,2^,1^,0); see Figure 1.23. Notice that Li only differs from Lq 
by a vertical flype, but Lq is not standard, and thus Theorem 1.13 does not 
imply they are equivalent. Remark 6.3 explains that the r+(A) and r~(A) 
polynomials will never be able to distinguish two links that only differ by vertical 
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( a ) ( b ) 



Figure 1.21: The legendrian links (a) (2, 2, 2^, 2, 2) , (b) (2, 2, 2\ 2, 2^) . These hnks 
have the same polynomials. Are they equivalent? 

flypes. It would be interesting to know if it is ever possible to obtain distinct 
legendrian links by a vertical flype: Do there exist links of the form Lq = 
{2h^ , t;^- , 2/if:_Y , . . . , , ) andL, = {2h^ , , 2^-^ , • • • , <S 2/if ) 
such that Lq and Li are not legendrianly equivalent? Lemma 2.1.1 implies that 
if Wi = Qi, when i ^ n — 1, then Lq and Li are equivalent. 




( a ) ( b ) 



Figure 1.23: The links (a) (2, 1, 2\ 1, 0) , and (b) (2, l,2\l\0). They have the same 
polynomials. Are they equivalent? 

The following summarizes how many different legendrian representations of 
a given rational link type can be constructed from the swap and the flype 
operations. It would be interesting to know if there are other minimal legendrian 
versions of these links. 

Theorem 1.24 (See Theorems 7.2, 7.4, 7.6) Consider the topological link 

Ln = {2hn,Vn-l,2hn-l, ■ ■ ■ ,2h2,Vi,2hi), hn,Vn-l, ■ ■ ■ ,h2,Vl > 1, ki > 0. 

(1) If n = 2, there are at least 2 legendrianly distinct minimal links that are 
topologically equivalent to L2 ■ 

(2) If n = 3, and either hi = 0, /i2 7^ ^3 , or f 2 7^ 2vi , then there are at least 
4 legendrianly distinct minimal links that are topologically equivalent to 
L3. 
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(3) For n > 4, if max{/ii, 1} U {^i}7=2 -form a set of order n such that the 
sums of all its 2^ subsets are distinct, there are at least 2"'"^ minimal 
legendrian links that are topologically equivalent to L„ . 

When hi >1, these 2"~^ different legendrian hnks arise by looking at 
(1.25) {2K ,Vn-i, 2CY , . . . , , vi , 2hf ) 

for Pi G {0, 1} , i = 1, . . . , n — 1 . When /ii = 0, the variations are obtained by 
the original and the swap of each of the 2"~^ links in (1.25). 

Remark/Question 1.26 The condition that /ii = 0, h2 ^ hs, or V2 ^ 2vi 
when n = 3, or that, for n > 4, {hi} or {hi} U {1} form a set of order n with 
"distinct subset sums" guarantees that distinct polynomials are associated to 
the 2"~^ links in (1.25). In contrast, consider 

^(0,1,0) ^ (2, 1,2^,1, 2\ 1,2°), L(O'i'i) = (2,1,2°, l,2\l,2i); 

see Figure 1.27. By Theorem 1.15, 

r-(A)[L(0'i'0)] = + 2 + A = r-(A)[L("'i'i)]. 

Are L^^'^'^^i and L^^'^'^^ legendrianly equivalent? It is interesting to note that 
variations of L*^*^'^''^-' and L^'^'^'^^ with /i2 7^ /14 will produce different polyno- 
mials. For example, if 

jy^(o,i,o) ^ (2,l,2°,l,4\l,2°), m(°'1'1) = (2,l,2°,l,4\l,2i), 
then r-(A)[M(0'i'0)] = 2X-^ + 2 + A, while r-(A)[M(0'i'i)] = A'^ + 2 + 2A. 




Figure 1.27: The legendrian links L^"'^'"' = (2, 1, 2°, 1, 2\ 1, 2°) and = 
(2, l,2°,l,2\l,2^). They have the same polynomials. Are they equivalent? 
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Remark 1.28 For certain choices of Vi, it is possible that the 2"~^ hnks 
Ln = {2hn,Vn-i,2h^"Si , . . . ,V2,'2,hi^) have distinct polynomials without the 
hypothesis that {hi, . . . , hn} form a set of order n with distinct subset sums. 
For example, consider L4 = (2,3,2,2,2,l,2). In this example, each flype gives 
a polynomial containing a different set of powers of t. More generally, given 
vi, . . . ,Vn, if the 2"~^ sets 

+ i-ir^^^V2 + ■■■ + ct: {1, . . . ,n - 1} - Z2 

are distinct, then any choice of hi will produce 2""^ different r~(A) polyno- 
mials. 

In Section 6, the polynomials are calculated for rational links, their flypes, and 
for the usually nonrational "connect sums" of such links. Since, up to legendrian 
isotopy, the connect sum may depend on the choice of where the links are cut 
into tangles, a standard position for cutting the links will be chosen. Namely, 
the connect sum Li^L2 is defined as the closure of the connect sum of the 
legendrian rational tangles : Li : and : L2 which are constructed analogously 
to the links Li. This construction is illustrated in Figure 1.29 where, if Li 
denotes the link (2/i„, . . . , 2/ii) , then : Li : corresponds to Figure 1.3 except 
considered as a tangle rather than closed to a link. 




Ll#L2 



Figure 1.29: The construction of the connect sum Li#L2 



Theorem 1.30 (See Theorem 6.4) Consider the legendrian links 
Li = {2hn,Vn-i,2hll-i\...,vi,2hP'), 
L2 = (2A;„j, Uyy^_i, 2k^_^ , . . . ,ui, 2k^ ^). 

Then 



T- (A) [Li#L2] = F- (A) [Li] + F" (A) [L2] ; 

F+(A)[Li]+F+(A)[L2], hi,h>l 
F+(A)[Li]+F+(A)[L2]-(l + A), else. 



F+(A)[Li#L2] 
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Remark/Question 1.31 Theorem 1.30 gives many examples of topogically 
equivalent, nonrational minimal links that are legendrianly distinct; it also 
raises some interesting questions. For example, Are the legendrian links 
(2,1,2)#(2, 1,2) and (2,1, 22)#(2, 1,2) equivalent? See Figure 1.32. Notice 
that the rotation that made (2,1,2) and (2,1,2^) equivalent is no longer pos- 
sible. 




Figure 1.32: The legendrian links (2, 1, 2)#(2, 1, 2) , and (2, 1, 22)#(2, 1, 2) . They 
have the same polynomials. Are they equivalent? 

Lastly, notice that the nomenclature for links in J^^{S^) easily lends itself to 
nomenclature for legendrian knots in J^^{S^). In analog with (1.2), length 
2n — 1 vectors of the form 

(2/1^, , , • • • , , > - 1) , 

(1.33) hn,Vn-l,---,h2,Vi,hi>l, Qi £ {0, . . . ,Vi}, 

Pi G {0,...,2/ii}, 

give rise to legendrian knots. The technique of generating functions, as used 
in this paper, no longer applies. The above results about links raise many 
interesting questions about such knots. For example, Are the legendrian knots 
(2, 1, 2, 1, 1) and (2, 1, 2-^ , 1, 1) legendrianly equivalent? See Figure 1.34. 




Figure 1.34: The legendrian knots (2,1,2,1,1) and (2, l,2\l,l). They have the 
same classical invariants. Are they equivalent? 

In [14], it is shown that sometimes the differential algebra approach can say 
something about some of the above questions. It is a topic for further study 
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to understand if the generating function approach can be further refined to 
capture as many invariants as the holomorphic curve approach. 

2 Equivalent Vertical Flypes 

In this section, it is shown that it is not possible to produce a nonequivalent 
legendrian hnk by performing vertical flypes to a standard link. Recall the 
terminology {2hn,v'^_ri ,2hn-i, . . . ,vl^ ,2hi) , qi £ {0,...,^^}, introduced in 
(1.11). 

Theorem 2.1 Consider the legendrian links Lq = {2hn,Vn-i,2hn-i, ■ ■ ■ ,^1, 
2hi) and Li = (2/i„, f^lY , 2/i„_i, . . . , 2hi) . Then Lq and Li are legendri- 
anly equivalent. 

To prove Theorem 2.1, it suffices to show that the {q, z) -projections of the links 
are equivalent by a sequence of "legendrian planar isotopies" and "legendrian 
(Reidemeister) moves"; see Figure 2.2. (For background on the topological 
Reidemeister moves, see, for example, [1].) A legendrian planar isotopy is a 
planar isotopy that does not introduce cusps or vertical tangents. Each of the 
legendrian type 1 ^ moves are analogous to one of the type I topological Reide- 
meister moves: one additional crossing and two additional cusps are introduced 
into the projection. The legendrian type 2 moves are analogous to the type 
II Reidemeister moves: two new crossings are introduced into the projection 
after a cusp crosses a noncusped segment. Note that the relative slopes of the 
cusp and the segment determine if the cusped segment passes over or under the 
noncusped segment. Lastly, the legendrian type 3 move is analogous to one of 
the type III Reidemeister moves: a strand is slid from one side of a crossing to 
the other. 




Figure 2.2: The legendrian Reidemeister moves 
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For the proof of Theorem 2.1, it will be useful to introduce the notion of a 
legendrian tangle, [20]. A legendrian tangle consists of two disjoint legendrian 
arcs Ai,Ao C ^'-'^([0,1]), where ^"^([0,1]) denotes the 1-jet space of the inter- 
val [0,1], with (9Ai,(?Ao C {g = 0} U {g = 1}. Legendrian tangles Ti,T2 are 
equivalent if their {q, z) -projections are equivalent by a sequence of legendrian 
planar isotopies and legendrian moves supported in (0,1) x M. The nomen- 
clature : 2hn,Vn-i, . . . , 2/ii : will be used to denote the legendrian tangle con- 
structed using the same recursive procedure used to construct the legendrian 
link {2hn,Vn-i, - ■ ■ ,2hi). 

Proof of Theorem 2.1 For n >2, the desired equivalence of the links 
{2hn,Vn-i, ■ ■ ■ ,vi,2hi) and (2/i„ , f ^'lY , ■ ■ ■ ,Vi^ ,2hi) will follow from a proof 
that the tangles : 2/i„, . . . , vi, 2/ii : and : 2hn,v'^_ri , ■ ■ ■ ,vl^ ,2hi : are 

equivalent for all choices oi Qi G {0, . . . ,Vi} , i = l,...,n — 1. The equivalence 
of the tangles will be proved by induction on n. Lemma 2.1.1 proves the base 
case of n = 2. 

Lemma 2.1.1 The legendrian tangles : 2/i2,fi,2/ii : and : 2/i2 , , 2/ii : are 
equivalent for any qi € {0, . . . , f i} . 

Proof It suffices to show that the tangles : 2/i, 1,0 : and : 2/i, 1^,0 : are 
equivalent for all /i > 1. This will be shown by an induction argument on h. 
Figure 2.1.1.1 outlines the legendrian moves that prove the base case of h = 1. 



Figure 2.1.1.1: The equivalence of the tangles : 2, 1, : and : 2, 1^, : 

As the induction step, assume : 2k, 1, : and : 2k, 1^, : are equivalent. Figure 
2.1.1.2 then outlines the legendrian moves that demonstrate the equivalence of 
■.2k + 2,1,0: and : 2k + 2,1^,0:. 





This completes the proof of Lemma 2.1.1. 



□ 
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Figure 2.1.1.2: The equivalence of the tangles : 2A; + 2, 1,0 : and : 2k + 2, l\0 : 
assuming the equivalence of : 2k, 1, : and : 2k, 1^,0: 

The induction step in the proof of Theorem 2.1 is to show that the length 2n — l 
tangles : 2/i„,t>„_i, . . . ,V2,2h2,Vi,2hi : and : 2/i„, w^T/ , • • • , vf , 2h2 , vf^ , 2hi : 
are equivalent for all choices of qi, i = 1, ... ,n — 1, assuming that the length 
2n — 3 tangles : 2hn,Vn-i, ■ ■ ■ ,V2,2h2 : and : 2hn,v1^S^ , . . . ,V2^ ,2h2 : are 
equivalent for all choices of , i = 2, . . . , n — 1 . For this, it suffices to prove 
that : 2hn,Vn-i, ■ ■ ■ ,V2, 2/i2, 1, : and : 2hn,Vn-i, ■ ■ ■ ,V2, 2/i2, 1^, : are equiv- 
alent. This will be proved by induction on /i2- Figure 2.1.2 outlines the 
moves that prove the base case statement that : 2/i„,f„_i, . . . ,V2,2, 1,0 : and 
: 2hn,Vn-i, ■ ■ ■ ,V2,2,1^ ,0 : are equivalent when f2 > 2. The figure is easily 
modified to prove the case V2 = I- 

The induction statement is that the equivalence of the tangles 

: 2/i„, Un-i, . . . , f2, 2/c + 2, 1, : and : 2/i„, . . . , ^2, 2A; + 2, 1-*^, : follows 

from the equivalence of the tangles : 2hn,Vn-i, ■ ■ ■ ,V2, 2k, 1, : and 

: 2/i„, w^lY , . . . ,V2^ , 2k, 1^,0: This is proven using a sequence of moves similar 

to those shown in Figure 2.1.1.2. □ 

A nice consequence of Theorem 2.1 is that the flyping procedure can be seen 
as a generalization of the swapping procedure. 

Corollary 2.3 For hi > 1, consider the legendrian links 

Lo = {2hn,Vn-i, . . . ,2h2,vi,2hi), Li = (2/i„, . . . , 2/i2, vi, 2/iJ), 

when vi, . . . , Vn-2 are even. If Lq denotes the swap of Lq, then Lq and Li are 
equivalent legendrian links. 
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Figure 2.1.2: The equivalence of the tangles : 2/i„, . . . , W2, 2, 1, : and 

: 2hn, Vn-i, . . . , V2, 2, 1^, : assuming the equivalence of the tangles 
: 2h„,Vn-i, . . . ,V2,0 ■■ and : 2/i„, w„_i, . . . , W2^, : 

Proof By a rotation, Li is equivalent to the swap of 

{2hr,,vl"_-,' , , vl"_-2' , ,2h), 

where, for i = 2, . . . , n — 1 , 

r 0, r(i) =0 mod 2 
1^ i/ii, r(?) = 1 mod 2 

Thus, if vi, . . . , Vn-2 are even, Li is equivalent to the swap of 

{2hn,vl"_-i ,2K-i,vl"_-2 , ■ ■ ■ ,'2h2,v^^ ,2hi) , and thus, by Theorem 2.1, Li is 

equivalent to the swap of Lq . □ 



3 Generating Function Theory 

Recall that the links in J^^S^) under consideration are minimal, and thus, 
by definition, each strand is legendrian isotopic to j^(0), the 1-jet of the 0- 
function. This condition guarantees that each component of the link has an 
essentially unique "generating function" . The technique of generating functions 
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is an extension of the fact that the 1-jet of a smooth function, /: {q E S^} ^ 
G M} , is a legendrian submanifold. More generally, if F: x — > M has 
fiber derivatives ^ transverse to 0, then 

f / dF \ dF 

(3.1) A := I Uo, -^(go,eo), F{qQ,eo) \ : -^(go,eo) = 

is an immersed legendrian submanifold of J^{S^), and F is called a generating 
function for A. Critical points of a generating function correspond to points 
where A intersects {p = 0} ■ A function F : S-^ xM^ ^ M is said to be quadratic 
at infinity if there exists a fiberwise quadratic, nondegenerate form Q{q, e) 
such that F{q,e) — Q{q,e) has compact support. The index of a quadratic at 
infinity function will refer to the index of the associated quadratic form. The 
abbreviation g.q.i. function will be used to denote a generating and quadratic at 
infinity function. There is a parallel definition of quadratic at infinity generating 
functions for lagrangian submanifolds of cotangent bundles; see, for example, 
[21], [16], [22], [18], [9]. 

The following existence theorem is proved, for a more general situation, by 
Chaperon in [3], by Chekanov in [4], and in the appendix to [19]. 



Existence (3-2) If A^ C (5^) , i G [0, 1] , is a smooth 1 -parameter family of 
legendrian submanifolds such that Aq = i^(0), then there exists an N eN, and 
a smooth 1-parameter family Ft: x M.^ R, t E [0,1], of g.q.i. functions 
for At . 



Example 3.3 For the strands of the links under consideration in this paper, 
generating functions can be explicitly described. For example, if the {q,z)- 
projection of A, TTg^ziJ^), is the graph of a function /, then /: S*^ — > M is a 
g.q.i. function for A. Notice that if Q{e) is a quadratic form, Q{e) = ^ aijeiSj, 
then F{q,e) = f{q) + Q{e) is also a g.q.i. function for A. Next consider A 
given as the "nongraph" strand the link (2,1-^,0) as pictured in Figure 1.12. 
Construct a g.q.i. function F: S"^ x M ^ M for this strand with a "bubble" as 
follows. On {q = 0}, let the fiber function F(0, •): M ^ M be a quadratic 
function of index 1 with critical point a with value given by 7rg^z(A) r\{q = Qi}. 
For go ill 3' neighborhood of 0, F{qQ, ): R ^ M continues to be a quadratic 
function, and there is a path of critical points a (go) £ {^o} x of F(go, •) with 
values given by 7rg,^(A) H {g = go}- At the g-coordinate where the left cusp 
occurs, the fiber function experiences a birth of a degenerate critical point. This 
can be accomplished by a compact perturbation of the function. As g increases, 
this degenerate critical point bifurcates into two paths of nondegenerate critical 
points 6(go),c(go) € {go} x R of F{qo,-) of indices 1,0 with 6(go) of index 1 
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having a larger critical value. As q increases further, the critical values of the 
critical points a{qo), b{qo),c{qo) of F(qQ, •) are traced out by 7rq^^(A)n{g = qo}. 
Eventually, the critical value of 6(^0) is larger than the critical value of a{qo), 
and the critical value of a{qo) approaches the value of the critical value of 
c{qo) . At the g-coordinate where the right cusp occurs, the critical points a(Q'o) 
and c{qo) merge to form a degenerate critical point which dies as q increases 
further. After this point, F{qo,-) is again a quadratic function of index 1. 
After applying fiber preserving diffeomorphisms, F will be quadratic at infinity 
of index 1 . This procedure can be generalized to construct a g.q.i. function for 
a strand L2 from a g.q.i. function for a strand Li , when L2 has an additional 
bubble resulting from a legendrian type 1^ move applied to Li . 

As can be seen from the previous example, there are choices in the domain 
and in the location of the critical points, but not in the critical values. If A is 
defined by a g.q.i. function F: x M, Theorem 3.4 shows that all other 

g.q.i. functions for A arise from the following "natural modifications" of F: 

(1) Fiber Preserving DifFeomorphism Given a fiber preserving diffeo- 
morphisni $ : x ^ x , consider F = F o^; 

(2) Stabilization Let Q: M*^ ^ M be a nondegenerate quadratic form, 
Qif) = Eaijfifj, and consider F : x x R^^ ^ R defined by 
F{q,e,f)=F{q,e)+Q{f). 

The following uniqueness theorem parallels a uniqueness result for quadratic at 
infinity generatating functions of lagrangian submanifolds, proved by Viterbo 
and Theret, [21], [16], [22]. The following can be proved by modifying Theret's 
careful proof to the legendrian setting, replacing references to Sikorav's la- 
grangian g.q.i. function existence results by the above mentioned legendrian 
g.q.i. function existence results, [3]. 

Uniqueness Theorem 3.4 (Theret) Let Ac ^^{S^) be legendrian isotopic 
to (0) . IfFi, F2 axe both g.q.i. functions for A, then there exist nondegenerate 
quadratic forms Qi, Q2 and a Rber preserving diffeomorphism $ so that F2 + 
Q2 = (Fi+gi)o$. 

Definition 3.5 Consider a minimal legendrian link L = Ai 11 Aq. Let 

Fi : X ^ R, Fo: X R^° ^ R 

be g.q.i. functions for Ai , Aq . Then the associated (quadratic at infinity) differ- 
ence function of L, A: 5^ x R^i x R^o ^ R, is defined as 

A(g,ei,eo) := Fi{q,ei) - Fo{q,eo). 
Qeometry & Topology, Volume 5 (2001 ) 



738 



Lisa Traynor 



Proposition 3.6 Suppose L = Ai II Aq C J^^{S^) is a minimal legcndrian 
link. Then for any difference function A of Ai U Aq , critical points of A are 

in 1 1 correspondence with points {{qoiPo, zi), (qo,po, zq)) £ Ai x Aq, and 

is never a critical value of A . 



Proof Using formula (3.1), it is easy to verify that the function A : S"^ x M-^^ x 
M^" — ^ M generates the Icgendrian D := { {q,pi — po, zi — z^) : {q,Pi, Zi) G A^}. 
Since critical points of A correspond to points where D intersects = 0}, 

there is a 1 1 correspondence between critical points of A and the specified 

points of Ai X Aq. Furthermore, since Ai H Aq = 0, cannot be a critical value 
for A. □ 



For c G M, a noncritical value of A: 5^ x M^^ x M^o ^ M, let 
(3.7) A'^ := {(g,ei,eo): A(g,ei,eo) < c}. 

For every link, there exists M > so that all critical values of A are contained 
in [— M + e, M — e] , for some e > 0. For such an M, let 



(3.8) A^°° := A 



±M 



Definition 3.9 The total, positive, and negative homology groups of a mini- 
mal legendrian link L = Ai II Aq C J^^{S^) are defined as 

H,{L) ■.= Hk+, (A°°,A— ), 
Ht{L) ■.= Hk+, (A-,AO), 
H-{L):=Hk+q{A',A-^), keZ, 

where A is a difference function for L, q is the index of A, and the relative 
homology groups are calculated with coefficients in Z2 . 



From the definitions of these homology groups, if A has index q, then critical 
points of A of index i will often contribute to the Hf_^{L),Hi-q{L) . For this 
reason, when A is quadratic at infinity of index g, if a; is a critical point of A 
with index i , the shifted index of x is defined as i — q. 

The following is a classical result of Morse theory, but for the reader's con- 
venience, a proof will be given. This lemma will be useful when showing that 
Hk{L),H^{L) are well-defined invariants of L, and in the Section 6 calculations 
of these homology groups. 
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Lemma 3.10 Consider a smooth 1 -parameter family of quadratic at infinity 
functions At : S'^ x ^ M , t G [0, 1] , of index q . Given paths a, (3: [0, 1] ^ M 
such that, for all t, a{t),l3(t) are noncritical values of At with a{t) < (3{t), 
then 

H,+, [A^,^'\Af'^)c,H,+, (Af \Af )) , Vi G [0,1], WkeZ. 

Proof By applying fiber preserving diffeomorphisms, which will not change 

the calculation of the homology groups, it can be assumed that for all to,ti G 
[0,1], Atg = At^ outside a compact set. It suffices to show that for all to £ 
[0, 1] , there exists a neig hborhood U{to) of to such that iJq+fe(Af A""^*^) ~ 
lf,+,(A£(*°\A,f°)). 

First notice that since a(t) and /?(t) are noncritical values for A^, it is possible 
to choose e > such that for all t <E [0,1], there are no critical values of A^ in 
(a(t) - 2e, a(t) + 2e) or (/3(t) - 2e, /3(t) + 2e) . This implies that if |6 - (3{t) \ < 2e 
and \a-ait)\ < 2e, then ^^,+fc(A,^A«) ^ Hg+k{A^^'\ A^^) . 

Next, using such an e, choose a neighborhood ^(to) of to G [0,1] such that, 

for t G U{to), 

(1) sup{|At(x) - At„(x)|: X eS^ X M^} < e, and 

(2) \P{t) - /3(to)| < e, and |a(t) - a(to)| < e. 

By (2), i7,+,(Af),Af)) c (a^ Ar^*")^^) . By (1), for c = 

/3(to) and c = a(to), the inclusions Ap^ C A^^ C A^+^ C A^+^^ induce 
homomorphisms 

H,^, [A^^'°^-%Af^^-^)^H,^, (Af °),Af °)) ^ 
H,^, (^A^(^oH%Af''^^j ^ H,^, (Af(*°)+^^ Af °)+^^) . 

Since |/3(to)±€-/3(t)|, |a(to)±e-a(t)|, |/3(to)±2e-/3(to)| < 2€ , the first and third 
groups are isomorphic to Hq^k ( Af*-*' , A"*-*' j , the second and fourth groups 



are isomorphic to Hg^k y^to^"\ ^to^"j > ^iid 02 ° <Ai ^iid 03 o 02 are isomor- 
phisms. Thus (p2 is an isomorphism, and it follows that -ffg+fc ^Af '■^^ A"*-*''^ ~ 

LT , /a/3(*o) Aa(to)\ 



□ 



Theorem 3.11 Hk{L), H+{L), and H' {L) are well-defined invariants of a 
minimal legendrian link L C J^^{S^). 
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Proof It must be shown that the homology groups do not depend on the 
choice of generating functions Fi for the strands, and wih not change as the 
hnk undergoes a legendrian isotopy. 

Suppose L = Ai n Ao, and let : x M'^' ^ M be g.q.i. function for Aj. 
It must be shown that if Fii x M^* — >■ R are ot^er g.q.i. function for Aj , 
then the relative homology groups of A(g, el, e^) := Fi{q, e]) — FQ{q, /o) agree, 
up to a shift of appropriate index, with those of A(g, ei,eo) := ei,eo) — 
FQ{q, ei, Co) . By the Uniqueness Theorem 3.4, it is only necessary to check the 
cases where A differs from A by a fiber preserving diffeomorphism or by a 
stabilization. If A = A o <I> , then the associated sublevel sets are diffcomorphic: 
A^ = $~-^(A^). Thus the relative homology groups are unchanged. Next, 
suppose that A : 5^ x x ^ R is defined by A{q, e, /) = A{q, e) + Q{f), 
where A is a g.q.i. function of index q, and Q is a nondegenerate quadratic form 
of index j . It is easily verified that the critical values of A agree with those of 
A, and that for a noncritical value v, for all /c € Z, there is an isomorphism 
(t>: C;+fc(A) ^ Cg\^+fe(A), where C^{A) (respectively C^A)) denotes the 

?-chains of A" (respectively A"). For all noncritical values a < b, and all 
k eZ, the isomorphism (f) induces chain isomorphisms cj) : C^+fe (A) / C^_^^. (A) — > 
C,V^+fc(A)/C7«+ .+^(A), and thus i^,+fe(A^ A«) ~ i^,+,■+fe(A^ A«) , as desired. 

Suppose Lt, t E [0, 1] , is a 1-parameter family of minimal legendrian links. By 
Existence (3.2), there exist difference functions At: x R^ — > R of index q 
for Lf. It must be shown that, for all t € [0, 1] , and all /c € Z, 

i7fc+,(A+-, A,— ) i/fc+,(A+°°, Aq— ), 
i/fc+,(A+-,AO)^//fc+,(A+°°,AO), 
Hk+,{AlAtn ^ Hk+,iAlA^^). 

Choose paths a,/3, 7: [0,1] — > R such that a{t) is negative and is less than 
all critical values of A^, /3(t) = 0, and 7(t) is positive and is greater than all 
critical values of At. By construction and Proposition 3.6, a{t), (3{t),'j{t) are 
noncritical values of A^, and thus the desired result holds by Lemma 3.10. □ 

Proposition 3.12 For any minimal legendrian link L, Hk{L) ~ Hk{S^), for 
all keZ. 

Proof By hypothesis, each strand of L can be individually isotoped so that it 
is the graph of a function. Thus there exists a 1— parameter family of immersed 
legendrian links Lt, t € [0,1] with Lq = L, Li = j^{+f) 11 j^(— /), where 
j^(±/) is the 1-jetof ±/(q') = ±(cos(27rg)+2) . For the associated 1-parameter 
family of difference functions A^ of Lf, choose paths a,/3: [0, 1] ^ R such that 



Qeometry & Topology, Volume 5 (2001 ) 



Generating function polynomials for legendrian links 



741 



a{t) is negative and less than all critical values of At, and P{t) is positive and 
greater than all critical values of A^. Since it is easy to understand the total 
homology group of Li , the desired result then follows by Lemma 3.10. □ 

Lemma 3.13 For a function A: x — > R, and a,b,c noncritical values 
of A with a < b < c, there is a long exact sequence 

■■■h i^,+fe(A^ A«) h iJ,+fe(A^ A«) ^ 

H,+k{A-, A^) ^ i^,+fc-l(A^ A-)h.... 

Proof Given A: x ^ R of index q, and a noncritical value of A, 
C^(A) will denote the (q + fe) -chains of A^. Given a triple a < b < c ol 
noncritical values of A , for each k , there is a natural exact sequence 

C,^(A)/C,«(A) A C,^(A)/C,"(A) ^ C7,^(A)/C^(A) - 0. 
Since i, vr are chain maps, it follows that there is an exact sequence 

■■■h H,+k{A\ A«) ^ H,+k{A-, A«) ^ 

iJ,+fe(A^ A^) ^ i^,+fc-l(A^ A«) ^ . . . . □ 

Corollary 3.14 For a minimal legendrian link L, there is an exact sequence 
...h H;{L) ^ Hk{L) ^ H+{L) h H^_^{L) ^ . . . . 



Definition 3.15 For a minimal legendrian link L, form the positive and neg- 
ative homology polynomials: 

oo oo 

r+(A)[L]= J2 dimi^+(L)■A^ r-(A)[L] = dunH-{L).XK 

k=—oo k=—oo 



A comparison of r"'"(A)[L] and T (A)[L] may detect that the legendrian link L 
is ordered. Recall from Section 1 that polynomials a(A) = J2T=-oo^k^'^ and 

= YlV=-oo^k^^ 1-shift palindromic if a{X) = A • /3(A), where /3(A) 
denotes the palindrome of f3{\) . 

Theorem 3.16 Let L = Ai II Aq he a minimal legendrian link, and let L 
denote its swap, L = Aq 11 Ai . Then r+(A)[L] and r~(A)[L] are 1-shift 
palindromic, and r~(A)[L] and r+(A)[L] are 1 shift palindromic. 
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Proof If A: S*^ X R-^ ^ R is a difference function for L, then A = —A is 
a difference function for L. li Q and Q denote the indices of A and A, then 
Q = N -1-Q. Notice 

H+iL) = if,+Q(A+-, A°) ^ i7^-('=+Q)(A+-, A°) H^.^.^q^ (a°, A -°°) 

= ^N-{k+Q)-Q^'^^ = ^N-{k+Q)-N+l+Q(^) = ^^fc+i©- 

Thus dimi7+(L) = dimHZk+i(L), and it follows that T+{X)[L] and r-(A)[L] 
are 1-shift palindromic. A similar calculation shows that r~(A)[L] and r+(A)[L] 
are 1-shift palindromic. □ 

Corollary 3.17 Let L = Ai II Aq be a minimal legendrian link. If r+(A)[L] 
and r~(A)[L] are not Ishift palindromic, then the link L is ordered. 

Proof If L is not ordered, then r+(A)[L] = r+(A)[I], and thus r+(A)[L] and 
r~(A)[L] must be 1-shift palindromic. □ 



4 Algebraic Topology Tools 

In this section, some tools will be developed that will aid in the Section 6 calcula- 
tions of the link polynomials of rational links and connect sums of rational links. 

The first result is called the Additive Extension Lemma since it gives conditions 
when, for 62 > 6i > and 02 < fli < 0, dimi?*(A''2, A°) = dim H^{A^^ , A'"^) + 
dimif*(A^i, A°), and dimff^(A°, A"^) = dimiJ,(AO, A^i ) + dimiJH<(A"i , A"^) . 

Additive Extension Lemma 4.1 Suppose that cf,cf are critical values of a 
quadratic at infinity function A : 5^ x R''^ ^ R of index q , and that 02 , ai , 61 , 62 
are noncritical values such that 

a2 < C2 < ai < c]^ < < cf < bi < C2 < 62- 

Suppose that 

(1) C2 is the only critical value in [61,62]; is the only critical value in 
[o-2j CLi] , Sill critical points with values are nondegenerate and have the 
same index, and all critical points with value C2 are nondegenerate and 
have the same index, 

(2) Hg+k ( , A"i ) = 0, ykeZ,and 

(3) i^,+fe(A^A»o^^,+fe+l(A^^AO), ykez. 

Then 

dimF,+fe(A^% AO) = dimi^,+fc(A^^ A^^) +dimi^g+fc(A^^ AO), and 
dim ( A" , A«^ ) = dim ( AO , A«^ ) + dim ( A«S A»= ) , VA; G Z. 



Qeometry & Topology, Volume 5 (2001 ) 



Generating function polynomials for legendrian links 



743 



Proof The statement about dimi7g_|_fc(A^^ , A°) follows immediately if 5* = 
in the long exact sequence 

(4.1.1) ^^''^ ' ^ 
i^,+fe(A''^ A") ^ H,+k{A'\A'^) h H,+k-i{A'\A^) ^ .... 

If there exists k such that ^ im.d^{Hq^k+i{^^^ , ^^^)) , then by hypothesis 
(1), i^5+fc(A^^ A^'i) = 0, and thus 

(4.1.2) dim//g+fc(A^S AO) > dimi7,+fc(A''% A^). 

Since all critical points with values in [bi , 62] have index q + k + 1, another exact 
sequence argument, using the fact that iJ*(A^i, A"^) = for all *, proves 

(4.1.3) iJ,+fe_i(A^%A«^) = 0. 
The facts 4.1.2 and 4.1.3 combine with the hypotheses 

dimiJ,+fe_i(AO, A«0 = dim/f,+fc(A^\ A") 

to give a contradiction to the necessary surjectivity of 5* in the exact sequence 
(4.1.4) 

•■■ ^i^g+fc(A^%A°) ^i/,+fc_i(AO,A''^) ^H.+k-iiA'^A'^^) ^ .... 

This proves the claim about dimffq_|_fc(A''^, A^). A proof of the claim about 
dimi7q_|_fc(A0, A"^) can be proved similarly. □ 

The following proposition will be useful when calculating the homology polyno- 
mials of legendrian links that are topologically the rational links q , for q > 1. 

Positive Integral Proposition 4.2 Suppose the minimal legendrian link 
L = Ai U Aq has a difference function A: x M.^ M with critical values 
cf , . . . , , and noncritical values ai, . . . , a„, 6„, . . . , bi satisfying 

ai < Ci < a2 < C2 < ■ ■ ■ < a„_i < c~_-^ < a„ < c~ < 0, 

< c+ < 6„ < c+_i < bn-i < ■ ■ ■ < 4 < 62 < < 61- 

If 

(1) for k = l,...,n, there are hk nondegcncratc critical points with value 

, and hk nondegenerate critical points with value ; all critical points 
with value c'^ have shifted index i^ + l, and all critical points with value 
have shifted index ; and 

(2) for k = 2,...,n, iJ*(A^S A"*) = 0, for all * G Z, 
then 

n n 

r+(A)[L] =^/ifeA^'=+\ r-(A)[L] = ^/ifcA^^ 
fc=i fe=i 
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Proof By hypothesis (1), 

dim Hg+, (AO, A"" ) = dim (A*-" , A°) = | ^" ^^^^ ' ^nd 

dim Hg+, ( A^'^+i , A"'" ) = dim H,+,+^ {A"'^ , A^'=+i ) = | J'" * " 

[ else 

for k = 1, . . . ,n — 1. Thus it suffices to show that for ra — 1 > A: > 1 , 

dimi^■g+,(A''^A°) =dimFg+,(A'"=+^A°) + dimFg+,(A''^A'"=+l), and 
dim Hg+, (AO , A"" ) = dim Hg+, ( A^ , A»'"+i ) + dim Hg+, ( A»'=+i , A"'" ) , V* G Z. 

This will be proven by repeatedly applying the Additive Extension Lemma 4.1. 
To apply this lemma, it must be shown that for n > k > 2, 

i/,+,(AO, A'"^) ^ F,+,+l(A''^ AO). 

As mentioned above, this is true when k = n. Assume it is true when k = i. 
Then the Additive Extension Lemma applied to 

Qi-i < cj_^ < Qi < cj < < < bi < c^_j < bi-i 

shows that 

dim Hg+,+i{A''^-' , AO) = dim H,+,+, (A^^ , AO) + dim i/^+.+i (A^^-^ , A^^) 

= dim Hg+, (AO, A"^ ) + dim Hq+, (A"^ , A"^-^ ) 
= dim/7q+,(A0,A"^-0. 

Thus the isomorphism holds when k = i — 1. This completes the proof. □ 

The next proposition will be used to calculate the homology polynomials of 
minimal legendrian links that are topologically the rational links , for g < 1 . 

Zero Integral Proposition 4.3 Suppose the minimal legendrian link L = 
Ai 11 Aq lias a difference function A: S^x — M with critical values Ci,c\,cf, 
. . . , and noncritical values a2, . . . , a„, 6„, . . . , 6i satisfying 

a2 < C2 < ■■■ < ttn-l < Cn-l < a„ < C~ < 

< C+ < 6„ < C+_i < bn-i < • • • < 4 < 62 < c? < < 61. 

If, for k = 2, . . . ,n, 

(1) there are hk nondegenerate critical points with value c^, and hk non- 

degcncratc critical points with value ; all critical points with value 
have shifted index + 1, while all critical points with value c'^ have 
shifted index , and 
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(2) i^*(A^^ A«'=) = 0, for all * G Z, 
then 



n 



r+(A)[L] = (i + A) + ^/ifcA*'=+\ T-iX)[L]=J2hkX 

k=2 k=2 

Proof Using the hypothesis H.^:{A^'' , A"'') =0 for k = 3, . . . ,n, arguments as 
in the proof of Proposition 4.2 prove that 

r-(A)[L] =dimiI,+i„(A°,A»'')V''+dimi?,+i„_,(A''",A''"-i)A*"-^ +... 

+ dimi?g+i,(A"%A"^)A^^ 

n 
k=2 

To prove the claim about r+ (A) [L] , it suffices to show that 

+ ,.^ 1 dimH^_,{L) + l, k = 0,l 



dim H+{L) , _ ^ ^ 

dim Hi._-^{L), else. 

By Proposition 3.12, dim Hk{L) = 1, when k = 0,1, and vanishes otherwise. 
Thus the desired calculations of H^{L) will follow if it is shown that i* = in 
the exact sequence 

...h H^{L) ^ H,{L) ^ H^{L) h H^_,{L) ^ . . . . 

C^(A) c''^ (A) 

The map is induced by the inclusion map i: c^2"(A)" ^^^^^ ^ ~ 

12 o ii , where 

Cfc°(A) C^(A) C^(A) 
Cr(A)^Cr(A)^Cr(A)' 

i* = (^2)*o(^i)*- However, since iJ* ( A''^ , A"^ ) = 0, (ii)* = 0, and thus = 0, 
as desired. □ 



5 Index Calculations 

Propositions 4.2 and 4.3 will make it easy to calculate the homology polynomials 
of a minimal legendrian link L = Ai 11 Aq from a difference function that is in a 

"nice" form. To apply the propositions, it will be necessary to find the critical 
points of A, and calculate the indices of these critical points. Critical points 
of A are easily described in terms of Ai 11 Aq : as was shown in Proposition 
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3.6, they correspond to points {{qojPOi ^i), (QOiPOj ^o)) G Ai x Aq. The indices 
of the critical points of A can easily be calculated in terms of data from the 
(g, z) -projection of the link: as will be shown in Proposition 5.5, the index of 
the critical point corresponding to {iqo,Po, zi), {qo,po, zq)) can be calculated as 
a difference of "branch indices" of {qo,po,zi) and of {qotPo, zq) , and a Morse 
"graph index" between {qo,Po,Zi) and {qQ,pQ,zo). 

Throughout this section, 7Tq^z,T^q,p- J^{S^) ^ S*^ x M will denote the projec- 
tions to the {q,z)-, -coordinates, respectively. 

Definition 5.1 Given a legendrian knot A c J'^{S^), the branches of A are 

the connected components of A\C, where C denotes the set of points that 
project to cusp points in 7rq^2(A). Branches Vi,Vb of A are adjacent if their 
closures Vi intersect. If Fi, Vq are adjacent, Vi>Vo if there exists v E ViHVo 
and a path 7 C '/rg,^(A) with 7[0, 1/2) C 7rg,^(Vb), 7(1/2) = TTg^ziv), and 
7(1/2, 1] C TTq^z{yi), so that TTq^z{v) is an up cusp along the path. 

Definition 5.2 Suppose A C J^iS^) is legendrian isotopic to j^{0). Let {Vi} 
denote the set of branches of A . Suppose there exists a branch I G {Vi}, v el, 

and a contact isotopy Ht, t G [0,1], so that ki(A) = and 'Kq^zii^tiv)) is 

never a cusp. Then the branch index is ■ {Vi} — > Z is defined by isiVi) = 0, 
ii Vi =1, and iB{Vi) — ^^(Vo) = 1, if Vi, Vq are adjacent with Vi > Vq- 

From this definition, it appears that the above branch index may depend on 
the choice of an initial branch I. However, the next proposition shows that 
this is not the case. 

Proposition 5.3 Suppose A is legendrian isotopic to j^{0), V is a branch of 

A, and v e V . If F: x — > M is a g.q.i. function of index Q for A, and 
{qvi e X M.^ corresponds to v, then isiV) = indF(g^, •)(e^) — Q. 

Proof Let At be a legendrian isotopy with Aq = j^(0), Ai = A, and let 

7rq.p(At) denote the lagrangian projections. By a classical result, see for example 
Appendix B of [17] or [18], the shifted index of the fiber function F{qy, •){ey) — 
Q is equal to the Maslov index of a path 'jit) € iTq^p^Af), t G [0,1], with 
7(1) = Trq^p{v). By a morsification procedure, see for example [11], the rotation 
calculations necessary to calculate the Maslov index can be computed in terms 
of cusps: by an appropriate choice of isotopy, the Maslov index equals the 
difference between the number of up and down cusps along a path 7rg,2(Ai) 
that starts at Trq^z{t), t G X, and ends at TVq^ziv)- □ 
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Definition 5.4 Given legendrian knots Ai, Aq C ^^{3^), suppose {qo,Po,zi) 
£ ^1) (90)P0) -^o) € ^0 ) where l^i, Vq are branches of Ai, Aq, respectively. Then 
there exist functions f\,fo- U — > M such that near {qo,po,zi), irq,z{Vi) = 
{{Q,fi{Q))}, and near {qo,po,zo), TTq^ziVo) = {{q,foiq))}- It follows that qo is 
a critical point of /i — /o- Then {{qo,Po, zi), {qo,po, Zi)) G Ai x Aq is nonde- 
generate if qo is a nondegenerate critical point of /i — /o ; the graph index, ir , 
of a nondegenerate point is the Morse index of /i — /o at go ■ 

Proposition 5.5 Suppose L = AiUAq C J^^ (S^) is a minimal legendrian link. 
Given a nondegenerate {{qo,Po, ^i), {qo,po, zq)) G Ai x Aq, the corresponding 
nondegenerate critical point x of A has shifted index i{x) given by 

i(x) = isiVi) - isiVo) + ir{{qo,Po, Zi), {qo,Po, Zq)), 
where {qo,Po,Zi) lies in the branch Vi of Aj. 

Proof Suppose that x = (go , ei , eo) is a critical point of A . By fiber preserving 
diffeomorphisms, it can be assumed that in a neighborhood U of (gO)ei,eo), 

A(g,6,Co)|t/ = - Fo{q,^o)) \u = (Gi(g) + J{^,)) - (Go (g) + if (Co)), 

and thus it suffices to show 

indA(a;) -indA = ind(Gi - Go)(go) + ind J(ei) + ind(-i?)(eo). 

It is easy to verify that 

ind(Gi - Go)(go) = ir((go,Po, ^^i), (go,Po,2:o)). 

Let — Aq := {(g, —p, —z) : {q,p, z) G Ao}. Then —Fq is a g.q.i. function for — Ao 
and (go, —po, —zq) lies in a branch Wq of — Ao with zb(IVo) = —iBiVo)- Since 
(go,ei) € S*-*^ X R^^ corresponds to {qo,Po,zi) G Vi, and (go,eo) e x R-'^° 
corresponds to {qo,—po,—zo) G l^Oj Proposition 5.3 implies that 

ind J(ei) - zq, = isiVi), ind(-ii)(eo) - iqo = isiWo) = -iB{Vo), 

where ig-^ is the index of J(ei), iq^ is the index of —H{eo). Since indA = 
^Qi + ^Qo > the desired result follows. □ 

6 Polynomial Calculations 

In this section, the positive and negative polynomials arc calculated for the stan- 
dard rational legendrian links, flypes of these standard links, and for connect 
sums of these flypes. 
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Theorem 6.1 Consider the legendrian link L = (2hn,Vn-i, ■ ■ ■ ,vi, 2hi). Then 
r-(A) [L] =hi + /laA-'^i + /igA-^i-''^ + • • • + /i„A-''i-''2--''"-S 



r+(A) [L] 



A-r-(A)[L], hi>l 
(l + A) + A-r-(A)[L], /ii=0. 



Proof First consider the case of /ii > 1. It is possible to legendrian isotop 
L to a position so that it has a difference function A: S"*^ x R-'^ — >• M with 
2hi + ••• + 2hn nondegenerate critical points: for i = l,...,n, A has hi 
critical points with, by Proposition 5.5, shifted index —vi — V2 — ■ ■ ■ — + 1 
and value cf , and hi critical points of shifted index —vi — V2 — ■ ■ ■ — fi-i and 
value c~ , where 

< < • • • < c" < < c+ < • • • < c+ < c+. 
Figure 6.1.1 illustrates one such construction for the link (2,2,4, 1,2). 



Figure 6.1.1: The legendrian link (2,2,4, 1,2) positioned so that it has a difference 
function A with (2 + 4 + 2) critical points which are represented as pairs of points 
Hqo , Po , zi) , {qo , Pq , zq)) G Ai X Aq . The shifted indices of these critical points are 
calculated by Proposition 5.5. 



For n > k > 2, choose , 6/c so that 

Cfc_i < Ofc < < < c+ < 6fe < c+_^. 

The claimed calculations will follow immediately from the Positive Integral 
Proposition 4.2 if it is shown that i^*(A''^ A"'- ) = 0, for all * e Z. By 
applying a deformation argument as in the proof of Proposition 3.12, it is 
possible to construct a 1 -parameter family of quadratic at infinity functions 
At: X M such that Uk, are noncritical values of At for all t € [0, 1] , 

where Aq = A, and Ai has no critical points in [a^, b^] ■ Thus by Lemma 3.10, 
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i^*(Ao^ Aq^) = H.iAl" , A^") = 0, for all * G Z. This completes the proof in 
the case of /ii > 1 . 

In the case of hi = 0, it is possible to legendrian isotop L to a position so that 
it has a difference function A : 5^ x M that has 1 critical point of shifted 

index with value 0° , 1 critical point of shifted index 1 with value c\ , and 
for i = 2, . . . ,n, hi critical points of shifted index —vi — V2 — ■ ■ ■ — fi-i with 
value c~ , and hi critical points of index —vi — V2 — ■ ■ ■ — Vi-i + 1 with value 
cf , where 



c. 



< • • • < c„ < < c+ < • ■ ■ < < c? < ci- 



For k = 2, . . . ,n, choose Ofc, bk so that 

02 < C2 < < 62 < c?! c^_i < Ofe < Cj^ < < < 6fc < c^_i, n > A; > 3. 

An argument as in the above paragraph proves ( A^'' , A"*" ) = for all * G Z , 
for k = 2,...,n. Thus the Zero Integral Proposition 4.3 gives the desired 
calculation of r+(A)[L] and r-(A)[L]. □ 

Next, the positive and negative polynomials will be calculated for horizontal fiy- 
pes of a standard rational link. Recall the notation {2hn,Vn-i,2h^Si ,vi, 
2hf), Pi e {0, . . . ,2/ij}, introduced in (1.11). 

Theorem 6.2 Consider the legendrian link L = (2hn,Vn-i,2h^"Si , ■ ■ ■ ,vi, 
2/if ). For j = 2,...,n-l, let a{j) = 1 + Ei=iPi mod 2. Then 



r-(A) [L] = hi + Y,hiX^~' 



i=2 



r+(A) [L] 



A-r-(A)[L], /ii > 1 

(l + A) + A-r-(A)[L], /ii=0. 



Proof The claim will follow using arguments as in the proof of Theorem 6.1 
if it is shown that for L = Ai II Aq = (2hn,Vn-i,2h^"S^ , vi,2hi^) , there 

exists a difference function A with 2hi + 2h2 H h 2/i„ nondegenerate critical 

points, where for k = 2, . . . ,n, the 2hk critical points correspond to 2hk pairs 
of points on branches C Ai , Wq C Aq with branch indices 

for = l + ^i=i Pi mod 2. As seen in the proof of Theorem 6.1, there exists 
such a difference function for Lq = (2hn,Vn-i, 2h^Si > • • • > ''^i) 2/ii^) , when pk = 
for all k. For arbitrary Pn-i, ■ ■ ■ ,Pi, assume there exists such a difference 
function for L = (2^„, 2/if_-\ . . . , 2/if ) . Let a{i) = l + Ei=iPk 
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mod 2. Consider L' which differs from L by one additional horizontal flype: 

L' = {2hn,Vn-i,2h^Zi\ ■ ■ ■ ,vi,2h1'^) , 3j : Wk = Pk, for k / j, and Wj = 



Pj + 1. Notice that 

t 

a'{e) := 1 + mod 2 =2 



fc=i 



ail), 
a{i) + l, 



> j- 



As in the case of L, there exists a difference function A' for L' with 2hi + • • • + 
2hn critical points; however, now, due of the flype in the hj term, there is a 
change in the indices of the branches containing points in the pairs associated 
to the terms 2/ij_|_i, . . . , 2/i„ . Figure 6.2.1 illustrates such a construction for 
horizontal hypes of (2,1,2,2,2). More precisely, for k = 2,...,n, the 2hj^ 
critical points are associated to points on branches C A'^ , C Aq with 
branch indices 



where 



as desired. 



<^(i+i)+i. 



+ ■•• + 



N<T(fc-l) + l 



Vk-l 



a{l) + 1, 



>j, 






Figure 6.2.1: Links that differ by horizontal flypes: (a) (2, 1, 2, 2, 2) , (b) (2, 1, 2\ 2, 2) , 
(c) (2,1,2, 2, 2^), (d) (2,l,2\2,2i). If L and L' differ by a horizontal flype from 
the j*'^ component, then there will be a change in the indices of the critical points 
associated to the terms /ij+i, . . . , . 



Remark 6.3 Applying vertical flypes to a link will leave the positive and 
negative homology polynomials unchanged. This follows since if 



L 

L' : 



{2h. 
{2h 



,\2hl-\...,vl\2h'l^), 
,<S2/if), 



n-:V^_l , 2hf^_^ , , 
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where for some j , Wk = Qk, for k ^ j , and Wj = qj + 1, then there exist 
difference functions A and A' for L and L' with the same critical values and 
the same shifted indices. Similar to the situation in the proof of Theorem 6.2, a 
vertical flype from the j*'' component will affect the indices of the branches that 
contain points of the pairs associated to the terms 2/ij+i, . . . ,2hn. Although 
the branch index associated to each point in the pair will change, the difference 
between the branch indices of this pair is unchanged. 



Theorem 6.4 Consider the legendrian links 
Then 



r- (A) [Li#L2] = r- (A) [Li] + r- (A) [L2] 

r+(A)[Li]+r+(A)[L2], /ii,A;i>l 
r+(A)[Li]+r+(A)[L2]-(l + A), else. 



r+(A)[Li#L2] 



Proof Let : Li : denote the tangles whose closure give Li. It is possible to 
isotop the tangles : Li : and : L2 : to the configurations similar to those used 
to calculate r+(A)[Li] and T~{X)[Li] but "scaled" so there exists an M € N 
such that all critical values associated to : Li : are contained in [— M, M] , while 
all critical values associated to : L2 : are contained in (— 00, — M) U (M, 00). 
Figure 6.4.1 illustrates this construction when pi = = wi. 




Figure 6.4.1: The connect sum of Li and L2, when pi = wi =0, conveniently 
scaled. 



When hi,ki > 1 , this procedure gives rise to a difference function A with 
2(/ii + ■ ■ ■ + hn + ki + ■ ■ ■ + km) critical points: for j = 1, . . . , n, i = 1, . . . , m, 
A has hj critical points of shifted index ij + 1 and value , hj critical points 
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of shifted index ij and value Cj , critical points of shifted index £t + 1 and 
value df , and A;^ critical points of shifted index £^ and value d~ , where 

di < d2 < ■ ■ ■ < < < C2 < ■ ■ ■ < c~ < 

<c+ < • • • < c+ < c+ < d+ < • • • < 4 < d+ 

Arguments as in the proofs of Theorems 6.1 and 6.2 show that the hypotheses 
of Proposition 4.2 are satisfied. Thus 

n m 

r-(A)[Li#L2] = Y,hj\'^ +Y,h\'' = r-(A)[Li] + r-(A)[L2], 
j=i t=i 

n m 

r+(A)[Li#L2] = ^/i,A^^+i + Y,KX''^' = r+(A)[Li] +r+(A)[L2]. 
j=l 1=1 

For the case /ii = or fci = 0, since Li#L2 is equivalent to L2#-^i , it can be 
assumed hi = 0. In this case, two positive critical points that were necessary 
so that the tangles : Lj : closed to links can be eliminated. Once Li#L2 is 
positioned so that these points are eliminated, it is possible to construct a A 
that satisfies all the hypotheses of either Proposition 4.2 or Proposition 4.3. 
More precisely, when ki > 1, it is possible to legendrian isotop the link Li^L2 
to a position so that it has a generating function A with 2(/i2 + ■ ■ ■ + hn + 
ki + ■ ■ ■ + km) critical points: for j = 2, . . . , n, l = 1, . . . ,m, A has hj critical 
points of shifted index ij + 1 and value c+ , hj critical points of shifted index 
ij and value cJ , ki, critical points of shifted index £i + l and value df , and k^ 
critical points of shifted index and value d~ , where 

c?f < < • ■ ■ < < C2" < • • • < c" < 

< c+ < • • • < c+ < d+ < • • • < 4 < d+. 

All hypotheses of Proposition 4.2 are satisfied, and thus 

n m 

r-(A)[Li#L2] =^/i,y^ =r-(A)[Li] + r-(A)[L2], 

j = 2 L=l 

n m 

r+(A)[Li#L2] = J2 hj^''^' + E 

j=2 i=l 

= (r+(A)[Li]-(l + A))+r+(A)[L2]. 

When fci = 0, it is possible to legendrian isotop the link Li#L2 to a position 
so that it has a generating function A with 2(/?,2 + • • • + /in + ^2 + • • • + km) + 2 
critical points: A has 1 critical point of shifted index with value di , 1 critical 
point of shifted index 1 with value d\ , for j = 2, . . . ,n, l = 2, . . . ,m, A has hj 
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critical points of shifted index ij + 1 and value Cj , hj critical points of shifted 
index ij and value c~ , critical points of shifted index 1^ + 1 and value df , 
and critical points of shifted index and value d~ , where 

d2 < ■ ■ ■ < d:^ < C2 <■ ■ ■ < c~ <0 

< c+ < • • • < < d+ < • ■ ■ < (i^ < < di- 
All hypotheses of Proposition 4.3 are satisfied, and thus 

n m 

r-(A)[Li#L2] =Y,hj\'^ +J2kX^ = r-(A)[Li] +r-(A)[L2], 

j=2 L=2 

n m 

r+(A)[Li#L2] = (1 + A) + J^/i,A'^+i + ^M'^+^ = r+(A)[Li] 

j=2 i=2 

+ (r+(A)[L2]-(l + A)). □ 



7 Applications 

In this section, the polynomial calculations of Section 6 will be applied to show 
that "most" of the legendrian links L„ = (2/i„, . . . , 2/ii) are ordered. In 
addition, by analyzing the polynomials resulting from the swap and the flype 
operations, lower bounds will be given for the number of different minimal 
legendrian representations of a given topological link type. 

The following proposition shows that there is a simple relation between the 
polynomials of a rational link and its swap. 

Proposition 7.1 Let L = (2/i„, 2/1^^2' /if , t^i, 2/if) , and let L 

denote the swap of L . Then 



r-(A)[L] 



r-(A)[L], hi > 1, 



(l + A) + r-(A)[L], hi=0, 
where T~ (A) [L] denotes the palindrome of F" (A) [L] . 

Proof This follows easily from Theorem 3.16 and Theorem 6.2. For hi >1, 



A.F-(A)[L] = F+(A)[L]=A.F-(A)[L]. 

For hi = 0, 



(1 + A) + A • r-(A)[L] = r+(A)[L] = A • r-(A)[L]. 
This implies, by examining palindromes, that 

A-^r-(A)[L] = 1 + A-^ + A-iF-(A)[L], 
and the desired result follows. 
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Theorem 7.2 Consider the legendrian link L = (2/i„, 2/i„_i, . . . , fi, 
2/ii). If hi > 1, then L is ordered iff L / {2hi). If hi = 0, then L is ordered. 

Proof First suppose that hi > 1. When L = {2hi), it is easy to expUcitly 
check that L is not ordered. Suppose L = (2/i„, . . . ,vi, 2hi), n > 2. By 
Proposition 7.1, to show L is ordered, it suffices to prove that r~(A)[L] is not 
palindromic. By Theorem 6.1, 

r-(A)[L] = hi + /i2A-"i + /laA-"^-"^ + • • • + /i„A-"^-''^--^"-i , 

and, since n > 2, r~(A)[L] is not pafindromic. 

Next suppose hi = 0. By Proposition 7.1, it suffices to verify that (1 + A) + 
A • r-(A)[L] ^ A • r-(A)[L]. By Theorem 6.1, 

oo 

A • r-(A)[L] = a^A'", with ai = 0, 

m=— oo 

while A • r-(A)[L] = Em=-oo ^^i™, with h = 0, and thus 

OO 

(l + A) + A-r-(A)[L] = CmX"", withci = l. 

m=— oo 

Thus L must be ordered. □ 

Distinct minimal legendrian versions of the topological link 

L„ = (2/i„,i;„_i,2/i„_i . . . ,2/i2,fi,2/ii), h„,...,vi>l, hi > I, 

will now be enumerated. For hi > 1, there arc potentially 2 • 2"^"^ legendrian 
versions arising from the swap and the flype operations that can be distin- 
guished by the polynomials. However, the following proposition shows that the 
polynomials cannot distinguish all these swaps and flypcs: the swap operation 
always produces a link with the same polynomials as some flype. 

Proposition 7.3 For /ii > 1, pi G {0, . . . , 2hi — 1}, and pi G {0, . . . , 2hi} 
when i >2, consider the minimal legendrian links 

Li = (2/i„, vr^.i, 2hl-i , . . . , 2hf , VI , 2hf ), 
L2 = (2/i„,i;„_i,2/i^"_Y,...,2/if ,i;i,2/if +^), 

Let 17 he the swap of Li. Then r-{\)[Ll] = r-(A)[L2], and r+{X)[L^] = 

r+(A)[L2]. 
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Proof It suffices to prove that r-(A)[Li] = r-(A)[L2]. By Proposition 7.1 
and Theorem 6.2, for a{j) = 1 + Pi mod 2, 



r-(A)[Li] = r-(A)[Li] = hi + J2 /iiA(-i)"<'^''i+(-i)"^'^"2+-+(-i)'''-'^''*-i 

n 
i=2 

= r-(A)[L2]. □ 

Thus the swap and flype operations give at most 2"'"^ legendrian versions of 
Ln that can be distinguished by the polynomials. In fact, for n = 3, there are 
often at least 4 = 2^~^ versions of L3 distinguishable by the polynomials. 

Theorem 7.4 Consider the topological link 

Ls = {2h3,V2,2h2,vi,2hi), /is, ^2, ^2, f 1 > 1, /ii > 0. 

If hi =0, then there are at least 4 minimal legendrian versions of L3 . If hi > I 
and either f 2 7^ 2i;i or h2 ^ h^, then there are at least 4 minimal legendrian 
versions of L3 . 

Proof For hi =0, consider 

LO = {2h3,V2,2hlvi,0), Ll = {2h3,V2,2hl,vi,0), 
Ll = {2h3,V2,2hlvi,0), Ll = {2hs,V2,2hl,vi,0). 
By Theorem 6.2 and Proposition 7.1, 

r-(A)[LO] = h2X-'" + /l3A-"^-''^ r-{\)[Ll] = h2\-''' + hzX-^'^''^ 

r-(A)[L2] = 1 + A + /i2A+"i + /^3A+"^+"^ 
r-(A)[Li] = 1 + A + /i2A+^^ + /i3A+''^-^^ 

It is easy to verify that for all choices of hi,Vi > I, these must be distinct 
polynomials, and thus L\, i = 0, . . . 3, are legendrian distinct. 

For hi>l, consider 

4°'°) = (2/13,^2, 2/1^, 2/1?), 4''°) = {2h3,V2,2hlvi,2h'i), 
4°''^ = i2h3,V2,2hlvi,2hl), 4'"'^ = i2hs,V2,2hl,vi,2hl). 
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By Theorem 6.2, 

r-(A)[4°'°)] = /ii + hiX-"' + /i3A-''^-"% 

r-(A)[4''°^] = h, + h2\-^' + /i3A-"^+"% 

r-(A)[Lf = /ii + /i2A+"i + /i3A+"i+'^% 

r-(A)[4''')] = /ii + /i2A+^i + /isA+^i-^^ 

The condition V2 2vi or /i2 7^ /is imphes that all these polynomials are 
distinct. Thus there are at least 4 distinct legendrian versions of L3 . □ 

The following condition on hi will guarantee that all the flypcs have distinct 
r~(A) polynomials. Such sets arise in Additive Number Theory; see [12]. 

Definition 7.5 A set {^1, . . . , hn} of integers is said to have distinct subset 
sums if the sums of all its 2" subsets are distinct. Such a set will be abbreviated 
as a d.s.s. set. 

It is easy to verify that {1,2}, {1,2,4} and {2,3,4,8} are d.s.s. sets, while 
{1, 2, 3} is not. In general, {2* : < i < k} is a d.s.s. set of order k + I. There 
is an Erdos prize associated to finding the largest order of a d.s.s. set with entries 
positive and bounded above by 2^ . 

Tlieorem 7.6 For n > 4, consider the topological link 

Ln = {2hn,Vn-l,2h1_i, . . . ,2h2,Vi,2hi), hn,Vn-l, . . . , > 1,/il > 0. 

If hi > 1, assume {hi,h2, ■■■ , hn} form a d.s.s. set of order n, while if hi = 0, 
assume {1, /12, . . . , /i„} form a d.s.s. set of order n. Then there exist at least 
2^~^ legendrian versions of Ln. 

Proof For the case where hi > 1, consider the links 

{2hn ,Vn-u , • • • , , vi , 2/if ) , , . . . , pi G Z2. 

It will be shown that distinct choices of {pn-i, . . . ,^1) € Z2 x • • • x Z2 give rise 
to legendrian links with distinct r~(A) polynomials. Let 

Li = i2hn, Vn-1, 2C-Y , , ), 

L2 = {2hn ,Vn-l, 2^-1^ , . . . , 2hf , VI , 2hf ) 

and suppose that r-(A)[Li] = r-(A)[L2]. By Theorem 6.2, 

r- (A) [Li] = hi + h2X'^ + --- + hnX'- , r- (A) [L2] = /ii + ^2 A"'^ + • • • + ^„A™" 
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for 

sk = {-ir^^^vi + {-ir^^\2 + ■■■+ {-ir^'^-'^k-i, 

rrik = i-ir^^^v, + i-ir^^\2 + ■■■ + i-ir^^'-'^Vn-i, k = 2,...,n, 

where a(s) = 1 + Ylt=iPt 2, fi{s) = 1 + Ylt=i ^* mod 2. If it is shown 

that Sk = ruk, Vfc, then a{k) = fJ-{k), VA;, and thus Pk = Qk-, V/c. 

First r~(A)[Li] and r~(A)[L2] wih be rewritten in terms of distinct powers 
of A . Choose Iq,. . . ,In with /q < • • • < /jv to be the distinct elements of 
{0, S2, . . . , Sn} = {0,m2, . . . ,mn}. Then 

N N L„ 

r-(A)[Li] = J2Y.^^-.^'"^ r-(A)[L2] = EE^^."^'"' 

a=Ofc=l a=Ofe=l 

where, for all a, hi^ < < • • • < h^oc , and hja < /t ■« < • • • < hja . Since 

{/ii, . . . , are a d.s.s. set, r~(A)[Li] = r~(A)[L2] implies K'q = Lq,, for all 
a, and that = , for all a and k. This implies = m/c, as desired. 

For the case where /ii = 0, consider the links 

(2/i„, 2/i^r/ , . . . , 2/tf , 0), (2^„,i;„_i,2/i^"_Y> • • • ,2/if ,^i,0), 

where Pn-i, ■ ■ ■ ,P2 £ 2i2. It will be shown that the 2"~^ choices of {pn-i-, ■■■,P2) 
G Z2 X • • ■ X Z2 give rise to 2 • 2"~^ legendrian links with distinct r~(A) 
polynomials. By Theorem 6.2 and Propositions 7.1 and 7.3, 

r- (A) [{2hn , vn-u 2/if;_Y , . . . , 2/if , V, , 0)] 

= r- (A) , 2<1Y , ■ • ■ , , ^^1, 2°)] - 1, 

r- (A) [(2/i„,i;„_i,2/i^riS...,2/if ,^;i,0)] 

= r- (A) [{2K ,vn-i, 2C_Y , . . . , 2hf , , 0)] + 1 + A 
= r- (A) [i2K ,vn-i, 2<r/ , • • • , 2/ir , ^1 , 20)] - 1 + 1 + A 
= r- ( A) [(2/i„ , , 2/i^r/ , . . . , 2/^^ , ^1 , 2° )] + A 
= r- ( A) [(2/i„ , , 2/i^r/ , . . . , 2hf , ^1 , 2^ )] + A. 

Thus to show that these 2"~-^ polynomials are distinct, the following three 
statements will be proven. 

(1) If (p„_i,...,p2) {Qn-i,---,q2), then 

r-(A)[(2/i„,^;„_i,2/i^ri\...,2/ir,^;i,20)] - 1 ^ 

r- (A)[(2/i„, v„-i, 2hl--l 2hf , 2°)] - 1; 



Qeometry & Topology, Volume 5 (2001 ) 



758 



Lisa Traynor 



(2) If (p„_i,...,p2) (9n-i,---,g2), then 

r- (A) [{2K ,Vn-i, , ■ ■ ■ ,Vi,2')]+Xj^ 

r- (A) [(2/i„, vn-i, 2hl-^ 2hf ,v,,2^)]+ A; 

(3) For all . . . ,^2), (g^-i, ■ ■ ■ , 92) , 

r-(A)[(2^„, 2hl"_-^' ,2hf,vi,2°)] - 1 

r- (A) [(2/i„, vn-i, 2/i«"_7 , . . . , 2/ir , i;i , 2^)] + A. 

Statements (1) and (2) follow from Theorem 6.2. To verify statement (3), 
suppose that there exist (pn-i, • • • ,P2), {Qu-i, ■ ■ ■ ■1Q2) such that 

r-{X)[{2hn,Vn-i,2h^-,\. . . ,2/if ,i;i,20)] - 1 = 

T-{X)[{2hn, Vn-i, 2hl--^ 2hf,v,,2^)] + A. 

By writing the polynomials in terms of distinct powers of A, 

r- (A) [{2hn,vn-i , 2hl-^ 2hf , , 2°)] - 1 = ^ a^f , 

where ao = /lij H \-hi^, hi^, . . . ,hi^ e {/12, • • • , hn}, 

while 

V-{\)[{2K, t;„-i, 2C-1' , . . . , 2hf,v^,2^)\ +X = Y^ hX\ 

where = 1 + hj^ -\ h hj^ , hj^,... , hj^ G {/12, • • • , ^n}- 

The assumption that these polynomials are equal contradicts the hypothesis 
that {1, /12, • • • ) hn} are a d.s.s. set of order n. Thus statement (3) is true, and 
it follows that the 2"~^ polynomials are distinct. □ 
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